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The anomalous acceleration of Pioneer 10 and 11 spacecraft of (8.74 ± 1.33) × 10−8 cm.s−2 fits
with a theoretical prediction of a minimal acceleration in nature of about 7.61 × 10−8 cm.s−2
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I. INTRODUCTION
It is well known that both the Pioneer 10 and 11
spacecraft experience an anomalous acceleration toward
the Sun, amounting to (8.74 ± 1.33)× 10−8cm/s2. The
anomaly has been found in the Pioneer spacecraft data
as they traversed distances from 20 AU to 70 AU since
1987. This has been reported by Anderson et al. [1], but
it has remained unaccounted for.
When a particle is located in an empty space its motion
is determined by the forces acting on it and if there are
no forces the particle will stay in its location or move
with a constant velocity. If the particle is located in a
moving medium like a river its velocity with respect to
an observer standing on the bank of the river is the sum
of the velocity of the particle with respect to water and
the speed of the water with respect to the observer. This
is the situation if the water flows with a constant velocity
both in time and location. The situation in the cosmos,
even if there are no gravitational forces, is a bit more
complicated. Because of the Hubble expansion a particle
will move along with it. But now the expansion depends
on the location as is well known and thus the motion
of the particle will experience an additional acceleration.
This effect can be understood intuitively by the relation
t = x/v = dx/dv = v/a, where a is the acceleration. If
we go to the maximum values of this equation, and write
for tmax = τ as the maximum time allowed in nature
and noting that vmax = c we then have tmax = c/amin.
Hence amin = c/τ . This calculation can be obtained
in a rigorous way from the cosmological transformation
that relates space, time and redshift expansion, which is
an extension of the Lorentz transformation keeping with
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cosmological invariance (Carmeli [2, 3]). The value of
the constant τ can be determined from the cosmological
constants when gravity is invoked and found to be τ ≈
12.486 Gyr (Ref. [4], Eq. (A.66), p. 138).
The minimal acceleration in nature is directed, locally,
along the motion of the particle. This follows from the
cosmological principle whereby any point in the Universe
can be considered as the center from which the Hubble
flows locally in all outer directions. It is as if the particle
were on top of a hill and was released to fall freely, al-
though the analogy is far from being accurate since the
minimal acceleration in nature is a kinematical quantity,
whereas the latter case is due to gravity. The minimal
acceleration acts as a rocket, causing an increase in the
particles velocity v = amint and in terms of distance
d = amint
2/2. In this paper we give the essentials that
lead to a minimal acceleration in nature. In Section II we
give the cosmological transformation. In Section III we
relate that transformation to measurements from recent
experiments. In the last section we give some concluding
remarks.
II. THE COSMOLOGICAL
TRANSFORMATION
The Universe expands according to Hubble’s law R =
H−1
0
v, where H0 is the Hubble parameter (usually called
the Hubble constant). H0 is not a constant; it gives the
expansion rate at a certain cosmic time. H−1
0
is usu-
ally called the Hubble time and it gives a measure of the
age of the Universe. However it is not really the age of
the Universe. All that is valid assuming the Universe
has a structure with gravitation. Now we ask, what will
happen if there was an abstract Universe with no grav-
ity? Obviously, such a Universe does not exist in nature.
Nevertheless, it is useful to consider such an abstract
Universe for pedagogical reasons. In such an abstract
Universe one has to replace the Hubble parameter H0 by
2a constant and that Universe will expand according to
R = τv, where τ is the value of H−1
0
in the limit of zero
gravity.
Since the Universe extends in three spatial dimensions,
the above relation of the expansion in zero gravity will
have the form (x2 + y2 + z2)1/2 = τv, or
x2 + y2 + z2 − τ2v2 = 0 (1)
We thus obtain a new kind of line element given by
ds2 = τ2v2 − (x2 + y2 + z2); (2)
ds2 is obviously zero when there is an expansion in a ra-
dial direction, but it is otherwise not zero. Hence such an
abstract Universe expands according to the null condition
of the line element. It remains to determine the constant
τ and to relate it to measured quantities in cosmology.
For a Universe filled with gravity it will be assumed
that there is a generalization to the above line element
without gravity in the form of
ds2 = gµνdx
µdxν , (3)
where gµν is a four-dimensional metric that should be
determined by the Einstein field equations, and the co-
ordinates are x0 = τv, xk, k = 1, 2, 3, are the spatial
coordinates. This is not the standard Einstein theory of
gravitation in spacetime. Rather, it is a distribution the-
ory in space and velocity at a very definite time. The
points x, y, z (xk) give the location of galaxies in space,
(x2+y2+z2)1/2 is the radial distance of the galaxy from
the observer, and v is the outward radial velocity of the
galaxy. Accordingly, each galaxy in the Universe is pre-
sented in the four-dimensional curved manifold which has
to be determined by solving the field equations.
The cosmological transformation is the analogue of the
familiar Lorentz transformation in spacetime, but now
the new transformation relates space coordinates to the
outward velocity of the expansion. For simplicity we as-
sume that the expansion is along the x axis. Hence Hub-
ble’s law in the stationary system K and the transformed
system K ′ is given by
x = τv , x′ = τv′, (4)
where x, v and x′, v′ are measured in K and K ′ respec-
tively. If we assume that x, v and x′, v′ transform linearly,
x′ = ax− bv, (5a)
x = ax′ + bv′, (5b)
where a and b are some variables that are independent
of the coordinates. At x′ = 0 and x = 0, Eqs. (5) yield,
respectively,
b/a = x/v = t, (6a)
b/a = −x′/v′ = t. (6b)
From Eq. (6) we have
t = x/v = dx/dv = v/a, (7)
where a is the acceleration. At the maximum value of
the above equation one obtains
tmax = τ = (v/a)max = c/amin. (8)
It thus appears that in nature there is a minimal accel-
eration given by
amin = c/τ ≈ 10
−8cm/s2. (9)
The form of the line element ds2 given in Eq. (2)
suggests that the new transformation will have the form
x′ =
x− tv
(1− t2/τ2)1/2
, v′ =
v − xt/τ2
(1− t2/τ2)1/2
, (10)
y′ = y, z′ = z. In the above equations t is the cosmic
time measured backward (t = 0 now), and we see that
t/τ replaces the familiar factor v/c of special relativity.
Thus τ takes the role of the speed of light c of special
relativity theory. Of course one can rewrite the cosmo-
logical transformation in terms of the ordinary cosmic
time that is equal to zero at the Big Bang. Notice that
as the cosmic time t approaches τ the denominators in
the cosmological transformation (10) become very small
just like the situation in the Lorentz transformation. It
thus appears that τ plays the role of a maximum time in
nature or, in other words, it is the Big Bang time just like
c is the maximum velocity in special relativity theory.
In the next section we relate the constant τ to some
constants known in cosmology and thus determine its
value.
III. DETERMINING THE VALUE OF τ
After solving the Einstein field equations one finds ([4],
Appendix A)
r = τv[1 + (1− Ω)v2/6c2]. (11)
The above equation gives the relationship between the
distance of a galaxy and its velocity. Inverting the above
equation by writing it as v = H0r, we obtain in the lowest
approximation the value of the Hubble parameter H0,
H0 = h[1 + (1− Ω)v
2/6c2], (12)
where h = 1/τ , and Ω is the matter density in the Uni-
verse. The above equation can also be written in the
form
H0 = h[1 + (1 − Ω)z
2/6], (13)
where z is the redshift and Ω = ρm/ρc with ρc =
3h2/8piG and G is Newton’s gravitational constant. It
will be noted that ρc ≈ 1.194 × 10
−29 g/cm2; it is dif-
ferent from the standard critical density ρc defined by
ρc = 3H
2
0
/8piG. If we take for simplicity z = 1 and
Ω = 0.245 the last equation then gives
H0 = 0.874h. (14)
3We assume that H0 = 70 km s
−1Mpc−1, hence h =
(70/0.874) km s−1Mpc−1or
h = 80.092 km s−1Mpc−1 (15)
and thus τ will have the value
τ = 12.486 Gyr = 3.938× 1017 s. (16)
From the above one finds that the minimal acceleration
in nature is given by amin = c/τ ≈ 3×10
10/3.938×1017 =
7.61× 10−8 cm/s2.
IV. CONCLUDING REMARKS
The application of the cosmological transformation,
and hence cosmological relativity, seems to explain the
Pioneer anomaly in a striking agreement. One wonders,
however, whether this modification of Einsteins theory
due to the Hubble expansion shouldnt have the same ef-
fect on the planets of our solar system as well? The
answer is no. That is like asking whether the Lorentz
transformation is applicable to the electrons in the atom.
In the latter case the mass of the electron as well as its
speed around the nucleus of the atom is changing ex-
tremely rapidly. Classical arguments seem not to be ap-
plicable here. In the cosmological case a similar situation
holds, for different physical reasons, since the planets and
the Sun are ‘tied’ by their gravitational attraction, and
provide a closed system.
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